We discuss the disk amplitudes whose boundary conditions of matter configurations are not restricted to homogeneous ones. They are examined by the two-matrix model as well as by the three-matrix model for the case of the tricritical Ising model. We show that they have a simpInteraction of boundaries with heterogeneous matter states in matrix modelsle geometrical interpretation in terms of the interaction of the boundaries. The sticking of boundaries with different matter states plays an important role. We also find two closed set of Schwinger-Dyson equations which determine the disk amplitudes in the three-matrix model. * Supported by JSPS.
Introduction
The theory of non-critical strings, or 2d gravity coupled to the (p, q) conformal matter can be described by the two-matrix model [1, 2, 3, 4] . The two-matrix model, however, does not have the explicit degrees of freedom which represent the general states of the matter configurations. We should consider the multi-matrix model [5] to examine such general states in a transparent way. In order to compare these two realizations, we want to know how matrices in the two-matrix model correspond to ones in the multi-matrix model. For this purpose, we treated, in our previous work [6] , the tricritical Ising model; (p, q) = (4, 5) , which is the simplest case realized by both the two-and the three-matrix models. We took the Z 2 symmetric actions which are invariant under A ↔ B and A ↔ C for the two-and the three-matrix models respectively; Here Λ denotes a bare cosmological constant. We concentrated our attention on the disk amplitudes whose boundaries are constructed by infinite number of matrices A and finite number of matrices (B, C). We found a simple relation between them calculated in both matrix models by using the Schwinger-Dyson technique in ref. [7, 8, 9, 10] ,
3)
The continuum universal disk amplitudes in the two-and the three-matrix models are represented as w (B k ) A (ζ A , t) and w
(ζ A , t) respectively. The upper index ( ) denotes what kinds of finite number of matrices are inserted on the boundary, and (ζ, t) are the renormalized boundary and bulk cosmological constant. From this relation, we concluded that there is no essential difference between the insertions of the matrices B and C in the three-matrix model, as far as we consider finite number of them, and which corresponds to the insertion of matrix B in the two-matrix model. This result showed that the local information of the mixed boundary states cannot be observed in the continuum limit. We should, therefore, consider infinite number of insertions in order to address the relation between matrix B in the two-matrix model and matrices (B, C) in the three-matrix model.
In this paper, we examine the disk amplitudes whose boundaries are constructed by infinite number of both the matrices (A, B), and also (A, C) in the three-matrix model. In sect.2 we realize the (4, 5) model coupled to 2d gravity by using the two-matrix model. The Schwinger-Dyson equations enable us to identify the universal disk amplitudes
(ζ A , t). Then we derive the amplitude w AB (ζ A , ζ B , t), whose boundary constructed by two arcs of finite length where the matter states are different. The three-matrix model is treated in sect.3. We calculate the amplitudes w (B m C k ) A (ζ A , t) and w B (ζ B , t) and find ten Schwinger-Dyson equations close, which are needed to obtain w B (ζ B , t). From them, we can determine the amplitude w AB (ζ A , ζ B , t), w AC (ζ A , ζ C , t). We address, in sect.4, the explicit correspondence between w AB (ζ A , ζ B , t) in the two-matrix model and w AC (ζ A , ζ C , t) in the three-matrix model. After performing the inverse Laplace transformation, we give a geometrical interpretation of these amplitudes. The sticking of boundaries with different matter states play an important role. We summarize our results in sect.5.
Two-matrix model case
As a critical potential which realizes the (4, 5) model in the two-matrix model, we take
which can be determined by the method of orthogonal polynomial [4] (see appendix). In this section, we would like to calculate the disk amplitude 2) and its continuum universal part w AB (ζ A , ζ B , t) in the large N limit by means of the Schwinger-Dyson technique. The boundary is consisted of two different parts which have different matter states. Let us work out the disk amplitude
3) which will be necessary for the calculation of the amplitude (2.2). Consider the Schwinger-
where by introducing the basis {t a } of the hermitian matrix, we decomposed the matrices 5) in the large N limit. It is convenient to use the resolvent representation eq.(2.3) and we obtain
where
Note that [1] = Λ and we used the Z 2 symmetry. One can easily find that eqs.(2.6) for k = 0, 1, 2 and eq.(2.7) make a closed set of equations [7, 8] . We can eliminate W 
where 11) and substituting this form into eq.(2.9), we have the equation of w A (ζ, t), 12) and find (c 0 , c 1 , c 2 ) = (0, −2, ±2). By solving eq.(2.12), we can obtain the continuum universal disk amplitude w A (ζ, t) as
(p) can be easily obtained with the use of the relations between them (2.6), (2.7) [6] ;
We examine next the amplitude W AB (p, q) which is the prime interest. Observing that 
. (q) are non-universal quantities for W AB (p, q). Polynomials of ζ A and ζ B are also non-universal. We should drop these quantities appropriately to extract a universal part from W AB (p, q). Using the expansion of V A (p) (2.11) and a similar expansion for V B (q), we can find
In the left hand side, we subtracted some non-universal quantities in advance appropriately from W AB (p, q). Moreover we should drop any terms which are analytic in both ζ A and ζ B from right hand side. Therefore we can read the continuum universal part of W AB (p, q) as
where w B (ζ B , t) = w A (ζ B , t) from the Z 2 symmetry. It should be noted that the terms with order higher than a 5/4 in V A (p) (2.11) does not appear in the right hand side of eq.(2.17), so that w AB (ζ A , ζ B , t) can be expressed in terms of w A (ζ A , t) and w A (ζ B , t). We will discuss the implication of this fact in sect.4.
3 Three-matrix model case
In this section, we will investigate the disk amplitudes
and their continuum universal parts w AB (ζ A , ζ B , t), w AC (ζ A , ζ C , t) in the three-matrix model. As potentials which describe the (4, 5) model, we take
These can be found by the orthogonal polynomial method (see appendix). In order to obtain the amplitudes (3.1), (3.2), we have to calculate
We may write them in the resolvent representation,
Here [1] = Λ and we used the Z 2 symmetry. One can find that eqs. 
, we obtain the following fifth order equation of W A (p), aζ A , we assume the scaling behavior of U A (p) as
Substituting eq.(3.10) into eq.(3.8) and after some similar calculation in sect.2, we find that (c 0 ,c 1 ,c 2 ) = (0, 2, ±2/3) and
As expected, this coincides with the result for w A (ζ A , t) in the two-matrix model. The
(p) can be calculated with the use of the relations between them (3.5), (3.6) and (3.7) [6] . These give the relation (1.3).
Next let us examine W B (q). In this case, we found that ten Schwinger-Dyson equations are needed. For example let us consider the following ten equations:
In the resolvent representation, we have
We can find that these make a closed set of equations and obtain the fourth order equation which determines W B (q):
The coefficients of this equation are given by 
where w B (ζ B , t) coincides with w A (ζ A , t). Now let us turn to the calculation of W AB (p, q), W AC (p, r). From eq.(3.5) for k = 0, one can obtain the relation
By combining eq.(3.18) and the first equation of (3.13), W AB (p, q) can be expressed in terms of W A (p) and W B (q). In order to extract an universal part, we must drop polynomials of ζ A and ζ B multiplied by W
(q) as well as polynomials of both ζ A and ζ B appropriately, because of the same reason as stated in sect.2. Using the expressions (3.10) and (3.17), we can find
In the left hand side, we subtracted some non-universal quantities in advance appropriately. Moreover we should drop first and second terms in the right hand side, because they are polynomials of both ζ A and ζ B . From this equation, we can find the continuum universal disk amplitude w AB (ζ A , ζ B , t) as 
respectively. By combining these equations, we can express W AC (p, r) in terms of W A (p) and W B (q). Using the expression (3.10) and (3.17), we find
Here we subtracted some non-universal quantities in advance appropriately from W AC (p, r). The first, second, third and t 5/4 terms in the right hand side should be dropped, because they are polynomials of both ζ A and ζ B . We can read, therefore, the continuum universal disk amplitude w AC (ζ A , ζ C , t) as 
Comparison and interpretation
In previous two sections, we obtained the disk amplitudes of heterogeneous boundaries (2.17), (3.20) and (3.25) for w AB (ζ A , ζ B , t), w AB (ζ A , ζ B , t) and w AC (ζ A , ζ C , t) respectively. In this section, we will compare them and provide a geometrical interpretation of these amplitudes. In this and the next sections, we denote the matrices A, B and C in the three matrix model asĀ,B andC respectively, in order to distinguish from those in the two-matrix model. We will refer to a part of boundary which is constructed by the matrix A as "boundary A" and so on. From eqs.(2.17) and (3.25), we observe that w AB and wĀC have exactly the same form. We can consider that boundaries A and B correspond to boundariesĀ andC respectively. In the case of loops of homogeneous matter states, this correspondence is natural from the view point of the orthogonal polynomial method. In the case of heterogeneous boundaries, however, the method of the orthogonal polynomial cannot be applied and this correspondence is not so trivial.
From eqs. AB in the case of the Ising model from the two-matrix model [9, 12] :
Here w (I) is given by
Note that, however, we do not have a symmetry under interchange ofĀ andB for the case of the three-matrix model. For the sake of discussing why wĀB and wĀC have so different forms, it is useful to consider the inverse Laplace transformed amplitudes. Let us denote the inverse Laplace transformed amplitudes of w A (ζ A , t) as W A (ℓ A ) etc. For example, w AB (ζ A , ζ B , t) and W AB (ℓ A , ℓ B ) are related by the equation
Here W AB (ℓ A , ℓ B ) represents a disk amplitude where length of each part of the boundary is fixed. First we easily obtain the relations: As for WĀB, we use the following formulas of the inverse Laplace transformation;
where F (ζ) denotes the image of the Laplace transformation of f (ℓ). Using the formulas (4.6) and (4.7), we get the relation:
We also have
by using the formulas (4.8) and (4.7). From (4.6) we have
Collecting eqs.(4.9) -(4.11) together, we obtain the expression for WĀB,
Now let us consider the geometrical meaning of eqs.(4.4), (4.5) and (4.12). As for eq.(4.5), it is easy to consider that a loop composed of boundaryĀ andC splits into two loops each of which has homogeneous matter state (see fig.1 ). Next we investigate the geometrical meaning of the first term in the right hand side of eq.(4.12). It represents the configuration depicted in fig.2(a) . All region of the boundarȳ B is stuck to the boundaryĀ, and the original loop split into two loops with homogeneous matter states. Likewise the second term in eq.(4.12) corresponds to the case in fig.2(b) . Parts of boundariesĀ andB are stuck each other, so that the original loop splits into two loops with homogeneous matter states. The fourth term represents the contribution from the case where the boundaries A and B are stuck completely. From this geometrical interpretation, it is reasonable to consider that the original loop, in fact, splits into two loops with homogeneous matter states.
Let us consider the the difference of WĀB and WĀC from this geometrical point of view. For the case of WĀB, boundariesĀ andB are stuck each other. In the case of WĀC, however, boundariesĀ andC are not stuck. We can recognize that this difference connects directly to the interaction forms of corresponding matrices. In the action (1.2), the matricesĀ andB interact directly, but it is not the case for the matricesĀ andC.
In the case of the two-matrix model, matrices A and B seem to interact directly in the action (1.1). They correspond, however, toĀ andC in the three-matrix model which do not interact directly. Because of this correspondence, the boundaries A and B in W AB for the case of the tricritical Ising model are not stuck each other. On the other hand, for the case of the Ising model, the boundaries A and B are stuck each other, because matrices A and B interact directly indeed.
Summary
In this paper, we have considered the (4, 5) minimal model coupled to 2d gravity described by both the two-and the three-matrix models. We have calculated the disk amplitudes with non-trivial boundary conditions of the matter configurations, and examined the relation among the matrices of these two models. A geometrical interpretation of some of the resulting amplitudes have also been obtained. In the process of the calculation in the three-matrix model, we found that seven and ten Schwinger-Dyson equations make two closed set of equations. These two set of equations determine the disk amplitudes W A (p) and W B (q) respectively.
We obtained the universal disk amplitudes w AB , wĀB and wĀC, whose boundaries constructed by two arcs of finite length where the matter states are different, as eqs.(2.17), (3.20) and (3.25) respectively. They showed that the matrices A and B in the two-matrix model correspond to the matricesĀ andC in the three-matrix model.
The geometrical meaning of these results is that the loop of the disk WĀB or WĀC splits into two loops which have homogeneous matter states. Only these configurations contribute to the amplitudes. We discussed that the difference of the interaction forms in the action responds to the different ways of sticking of the boundaries.
It is natural to consider that these geometrical pictures can also be applied to more general situations, for example in the case of loops composed by more than two different pars. We also expect that this mechanism works well on any 2d surface which has any topology. And this picture may not be limited to the case of (4, 5) model. The fact that the heterogeneous loop of the disk splits into two homogeneous loops may be related to the formulation of the non-critical string field theory [12, 9] , in which the theory is constructed in terms of only homogeneous loops and similar loops inserted by local operators.
Λ N trA n etc., which are necessary in solving the Schwinger-Dyson equations in the text. We show the details of the calculation by restricting our attention to the tricritical Ising model; (p, q) = (4, 5). First, we consider the two-matrix model. The potential U(φ) in the action (1.1) is an arbitrary polynomial;
The integral over matrix elements can be converted into the one over the eigenvalues:
By introducing the orthogonal polynomials Π n (x) which satisfy
we denote the matrix elements as
We can also derive the equation of motion
In the large N limit, the matrices X and P are replaced with the classical functions X(z, Λ) and P (z, Λ) respectively:
Let us determine the critical potential which realizes the (4, 5) model. We know that X will be the fourth order differential operator in the continuum limit. At the critical point, therefore, we can set X(z, Λ = Λ c ) = (1 − z)
4 /z and P (z, Λ = Λ c ) = Λ c z+ (higher powers of z). After substituting these into the equation of motion, we can find the critical potential
and the critical value of the cosmological constant as Λ c = 70. Off the critical point, we set the classical functions X(z, Λ) and P (z, Λ) as It is useful to introduce matrices X 1 , X 2 , X 3 and P 1 :
With these matrices, the equations of motion are expressed as These expectation values, however, can be reduced to Λ N trA n by using some kinds of the Schwinger-Dyson equations.
